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The heat-bal ance in te gral method of Good man is stud ied with two sim ple 1-D heat
con duc tion prob lems with pre scribed tem per a ture and flux bound ary con di tions.
These clas si cal prob lems with well known ex act so lu tions en able to dem on strate the 
heat-bal ance in te gral method performance by a par a bolic pro file and the en tropy
gen er a tion minimization con cept in def i ni tion of the ap pro pri ate pro file ex po nent.
The ba sic as sump tion gen er at ing the ad di tional con straints needed to per form the
so lu tion is based on the re quire ment to min i mize the dif fer ence in the lo cal ther mal
en tropy gen er a tion rates cal cu lated by the ap prox i mate and the ex act pro file, re -
spec tively. This con cept is eas ily ap pli ca ble since the gen eral con cept has sim ple
im ple men ta tion of the con di tion re quir ing the ther mal en tropy generations cal cu -
lated through both pro files to be the same at the bound ary. The en tropy
minimization gen er a tion ap proach au to mat i cally gen er ates the ad di tional re quire -
ment which is de fi cient in the set of con di tions de fined by the heat-bal ance in te gral
method con cept.
Key words: heat-balance integral method, parabolic profile, unspecified
exponent, entropy generation minimization 
In tro duc tion 
Heat-bal ance in te gral method (HBIM) of Good man [1] is an ef fec tive method for solv -
ing heat dif fu sion prob lems with strong non-lin ear ity ei ther in the en ergy equa tion or at the
bound aries. The ba sic idea lies on a phys i cally-based for mu la tion of a ther mal layer (this avoids
the in ad e quacy of the Fou rier equa tion) and a pre scribed tem per a ture pro file. These es sen tial
ideas al low trans for ma tion of strong non-lin ear 1-D heat con duc tion prob lems into or di nary dif -
fer en tial equa tion with re spect to the ther mal layer tem per a ture evo lu tion [1, 2]. The com mon
ap proach is to use poly no mial tem per a ture ap prox i ma tions with re spect to the space co-or di nate
with up to 4 bound ary con di tions al low ing de fin ing the pro file co ef fi cients as func tions of the
ther mal layer depth – see eqs. (3a, b) too – namely:
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with
d(t = 0) = 0 (2)
where d(t) is the depth of the ther mal pen e tra tion layer; the crux of the Good man’s method [1, 2]
based on phys ics of the heat con duc tion.
The con di tions (1a) and (1b) are clas si cal for the pre scribed tem per a ture and pre -
scribed flux prob lem, re spec tively. The fourth con di tion (1d) is know as “smooth ing con di tion”
and works well when a poly no mial ap prox i ma tion of 4th or der is used. Gen er ally, the ac cu racy of 
the HBIM de pends on the ad e quate choice of the ap prox i mat ing func tions and the lit er a ture pro -
vided many ex am ples of suc cess ful so lu tions [3-10]. The pres ent work fo cus the at ten tion on
HBIM so lu tion of heat-con duc tion prob lems (iso ther mal con di tion and pre scribed flux prob -
lems):
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where T(x, t) is pre lim i nar ily de fined par a bolic pro file with un spec i fied ex po nent, namely:
T(x, t) = a + b(1 + cx)n (3b)
The pro file (3b) is very of ten used in the form (with T(0, t) = Ts):
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Ex am ples and anal y sis are pro vided by [11] where a clear al go rithm to de fine the ex -
po nent n through ad di tional con straints based on ex act so lu tions was de vel oped. This ap proach
al lowed to ob tain in a clear man ner pre vi ously ob tained so lu tions of spe cific cases such as those
solved by Braga et al. [12]. Fur ther, ap ply ing the Lang ford cri te rion [13] for er ror es ti ma tion
yielded equa tions con sis tent with those from the ad di tional phys i cal con straints giv ing di rectly
the op ti mal value of the ex po nent n. Now, we ad dress a phys i cally based ap proach named en -
tropy gen er a tion minimization (EGM) in both the er ror es ti ma tion and the op ti mal ex po nent de -
ter mi na tion.
Some pre lim i nary thoughts prior to the prob lem state ment give the ba sic ideas com ing
from dif fer ent ar eas of phys ics and mod ern ther mo dy nam ics. First of all, the EGM ap proach
con ceived by Prigogine [14] and Bejan [15, 16] is ex ten sively ap plied to var i ous prob lems com -
monly known as ther mo dy namic op ti mi za tion [17] and en tropy gen er a tion anal y sis [18-21]. As
to the ap prox i mate so lu tion of heat-con duc tion prob lems we credit to Esfahani [22] who has
per formed a di rect com par i son of the en tropy gen er a tion pro vided by ex act and ap prox i mated
so lu tions to 2-D heat con duc tion prob lems with in ter nal heat gen er a tion and his steps, there fore, 
will be briefly out lined next.
The one-way de struc tion of the use ful work is di rectly prop o si tional to the rate of en -
tropy gen er a tion [15]:
Wlost = T4Sgen (4)
where T4 is the ab so lute tem per a ture of the am bi ent res er voir (T4 = const.). As sum ing a fi nite
size con trol vol ume in the 1-D prob lem and ap ply ing the sec ond law of ther mo dy nam ics, the
mix en tropy gen er a tion per unit time and per unit vol ume ( ′′′S gen ), i. e. the lo cal en tropy gen er a -
tion af ter Bejan [15] is:
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where g is the vol u met ric en ergy source [W/m3] and V is the fluid ve loc ity if a sim ple fluid flow
through a pipe is con sid ered as ex am ple. Since we ad dress only heat-con duc tion prob lems only
the heat en ergy terms of eq. (5) is at is sue that yields sim ply the so-called lo cal ther mal en tropy
gen er a tion (TEG) [15, 22].
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The TEG de pends on the tem per a ture pro file and the func tion de scrib ing it which
mainly is af fected by the method of so lu tion [22]. Hence forth we credit to Esfahani [22] who de -
fined a dimensionless en try gen er a tion func tion which can be ex presses for 2-D heat con duc tion
(h0 – plate length and l0 – plate width) prob lem as:
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The av er age nor mal ized TEG is de fined as:
′′′ =
′′′∫∫
∫∫
S
S A
A
A
A
gen(average)
gend
d
(8)
The av er age er ror is de fined as [22]:
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where dA is a dummy (vari able) area of in te gra tion.
The pres ent ar ti cle im ple ments the idea of EGM as a mea sure of ap prox i ma tion er ror
to so lu tions through the HBIM with the spe cific par a bolic pro file at is sue. More ex actly, the idea 
is not to cal cu late the er ror of ap prox i ma tion but to use the as sump tion that ir re spec tive of the
tem per a ture pro file (ex act or ap prox i mate) used to cal cu late the lo cal en tropy gen er a tion higher
ac cu racy of ap prox i ma tion should be as sured if their dif fer ence goes to a min i mum or at least to
zero. The idea is that such a minimization could be per formed through com par i son of the global
entropies or their lo cal (nodal) val ues at spe cific points of the ther mal pen e tra tion layer. This
minimization pro ce dure gen er ates new con di tions (con straints) af fect ing the ap prox i mate pro -
file but not avail able in the set of orig i nal ones de fined by HBIM. This idea is ex plained and out -
lined next. 
Prob lem state ment and ba sic idea of TEG ap proach to HBIM
Us ing TEG def i ni tion – see eq. (6)  – the lo cal en tropy gen er a tion in ab sence of vol u -
met ric heat gen er a tion [23] is:
s
t
l( , ) ( )T T S
T
Tx
d
d
grad≡ =
2
2 (10)
where Ts = ∂T/∂x. 
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The gen eral prob lem can be for mu lated in the fol low ing way: Find such a func tion T(x, t) 
which sat is fy ing re quired bound ary con di tions min i mizes si mul ta neously the in te gral:
s st d= ∫ ( , )T Ts W
W
(11)
over the whole do main W. 
The prob lems has been dis cussed ex ten sively in [23] for steady-state 1-D heat con duc -
tion prob lems in view of ad e quacy of heat trans fer equa tion de rived through en tropy
minimization ap proach and the Fou rier equa tion. Now, this is not the case but some re sults of
[23] will be used to out line the prob lem at is sue, namely:
(1) the entropy generation rate attains its minimum at steady-state irrespective of the way
through which the function T(x, t) → T(x) = T4 (see fig. 1a, b) is developed. Hence, at the
approximate solution might provide a minimum of the entropy generation rate calculated
through the approximate profile since at x ≥ d we have gradT = 0,
(2) the exact solution also attains its minimum at steady-state (t → 4) but we might suggest a
basic principle that the TEG rate calculated through the exact solution is the minimal even
though the heat transfer is time-dependent. This is implies that the TEG calculated through
the exact solution is the standard and the approximated solution should approach it with a
minimal error through adequate choice of the approximate profile,
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Fig ure 1. Sche matic pre sen ta tion of the idea to use the en tropy gen er a tion rate in de ter mi na tion of the op -
ti mal ap prox i mate tem per a ture pro file by HBIM
(a) Tem per a ture pro file across the ther mal pen e tra tion layer; (b) Con trol vol ume (grey bor ders) based on the
ther mal pen e tra tion layer with a ref er ence tem per a ture at its walls (Ts or T4); (c) Lo cal en tropy gen er a tion pro -
file through the ther mal pen e tra tion layer ex pressed by the ex act and the ap prox i mate so lu tion. The en tropy is
pos i tive and that ex pressed through the ex act so lu tion ex hib its the lo cal TEG min i mum used a stan dard value
(3) the above physically-based statements mean that, and 
(4)                                              Ds = s(T, Tx)a – s(T, Tx)e = 0  (12a)
which im plies a zero er ror of ap prox i ma tion in ac cor dance with eq. (9)
or at least:
Ds s s= − →( , ) ( , ) minT T T Tx a x e imum  (12b)
i. e. a min i mal er ror of ap prox i ma tion.
This ap proach will be used for cre ation of ad di tion ally phys i cally-based con straints
lead ing to op ti mal par a bolic pro file of HBIM which prac ti cally means a way to de fine the ap pro -
pri ate ex po nent n.
Test of the con cept through sim ple ex am ples
Sev eral sim ple 1-D heat con duc tion prob lems will be used to ex em plify the en tropy
gen er a tion ap proach in cre ation of ad di tion ally phys i cally-based con straint lead ing the ap pro -
pri ate ex po nent. 
Some of them were solved in [11] and the re sults ob tained in this work will used di -
rectly in the de vel op ment of the pres ent anal y sis. 
Ex am ple 1. Pre scribed tem per a ture prob lem (PT) at x = 0
The HBIM so lu tion of eq. (3a) with T = Ts at x = 0 and T(x, 0) = T4, pro vides [11]:
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Whilst the ex act so lu tion is [11, 24]:
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The lo cal en tropy gen er a tion rate cal cu lated through the ap prox i mate so lu tion is:
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Whilst that cal cu lated through the ex act so lu tion is:
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Then, the func tion ∆s(T, Tx) has to be min i mized through an ad e quate choice of the
ex po nent n. The cal cu la tion Ds(T, Tx) of ex pressed through (12a) and the pro files (15a, b) and it
minimization with re spect to n is com plex and prac ti cally not nec es sary since two ba sic phys i cal 
as sump tions sim pli fy ing the so lu tion should be for mu lated, namely:
(1) at x = 0 the local entropy generation rate, irrespective of the temperature profile used for its
calculation, has a maximum – fig. 1a,
(2) at x = d the local entropy generation rate, irrespective of the temperature profile used for its
calculation, has a minimum. With the approximate profile, for instance, s(T, Ts)a = 0 (see
15b and fig. 1b) since the HBIM defines Ts = 0 at x = d, and
(3) therefore, if we may find a solution to minimize the difference between the differences
between the maxima in TEG calculated by both profiles this would assure minimal
differences over the entire thermal layer.
In ac cor dance with the sim pli fy ing as sump tions 1 and 3 we may as sume the case when
the ap prox i mate so lu tion matches the ex act one and the fol low ing con di tion is obeyed lo cally at
x = 0:
D Ds s s s= = − = =
=( ) ( , ) ( , ) ,x T T T T x0 0 0x a x e  (16)
This pro vides sim ple ex pres sions of the func tion de scrib ing the TEGs, namely:
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The con di tion Ds(x = 0) = 0, see eq. (16), and (17a), and (17b), yields:
n
td a



 =




2 21
p
 (18)
This gives the re la tion ship: d
at
n= p  (19)
Re call, the re la tion ship (19) was pro vided by the con di tion qa (x = 0) = qe (x = 0) used in 
[11] with the same prob lem. Fur ther with the re la tion ship de fined by HBI, i. e. d = (at)1/2[2n(n +
+ 1)]1/2 we have:
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Ex am ple 2. Pre scribed flux bound ary con di tion at x = 0
Sim i larly to the pre vi ous prob lem both tem per a ture pro files at is sue are HBIM ap prox -
i mate so lu tion of eq. (3a) with – l(∂T/∂x) = F at x = 0 and T(x, 0) = T4 is [11]:
T T F
n
x T F
n
x
t n n
n n
= −



 = + − +





4 4
d
l d
d
l a
1 1
1( )
 (21a, b)
with
d a= +t n n( )1 (21c)
and the ex act so lu tion [11, 24]:
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Then the lo cale en tropy gen er a tions are as fol lows:
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At x = 0 the con di tion sx=0(T,Tx)a = sx=0(T,Tx)e sim ply yields:
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In fact, from (24a) it fol lows that we have to sat isfy the con di tion:
Ta(x=0) = Te(x=0)  (24b)
The con di tion (24b) is ex actly ex pressed as:
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The re sult (25b) and that com ing from HBIM so lu tion (21c) sim ply give:
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Re call, the con di tion (24b) was used in [11] as ad di tional phys i cal con straint as sur ing
the def i ni tion of the ap pro pri ate ex po nent of the par a bolic pro file.
Com ments to the test per formed with ex am ples 1 and 2 
The con di tion Ds = s(T, Tx)a – s(T, Tx)e = 0, x = 0 prac ti cally means that:
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In the case of PT prob lems (T = Ts, x = 0) we have Ta(x=0) = Te(x=0) = Ts and un der op ti mal
con di tions we search for minimization of Ds. To this end, the ex pres sion (27) is equiv a lent to:
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From (28) the only ra tio nal con di tion is:
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which is equiv a lent to qa (x = 0) = qe (x = 0) and pro vides the re la tion ship d/(at)1/2 = np1/2 = [2n(n +
+ 1)]1/2. 
There fore, the re quire ment to min i mize the dif fer ence in the en tropy gen er a tion rates
at the point where they ex hibit their max ima is phys i cally equiv a lent to the con di tion the heat
fluxes at the same point to be equal ir re spec tive of the tem per a ture pro files used in the cal cu la -
tions. In this con text, to avoid some am bi gu ities, we re call that the vol u met ric en tropy gen er a -
tion based on a vol ume (see fig. 1c) match ing the ther mal pen e tra tion layer may be ex pressed
through a ref er ence tem per a ture T0 as:
′′′ =



S T
T
xgen
l
0
2
2
¶
¶
(30)
The ref er ence tem per a ture could be ei ther Ts or T4. Thus, the only vari able of in ter est
rep re sent ing the op ti mal ap prox i mat ing pro file re main in the (∂Τ/∂x)a ex pressed through it. This
ap proach leads to (27) and with the con di tion min i miz ing the dif fer ence in the en tropy gen er a -
tion rates (see (16) and (28)) at x = 0 pro vides the op ti mal value of the pro file ex po nent.
Fur ther, the pre scribed flux prob lem, through the con di tion ∆sx=0 = 0 gen er ates the
con di tion Ta(x=0) = Te(x=0) = Ts used in [11] and con ceived from a phys i cal point of view.
In gen eral, the re quire ment to min i mize the dif fer ence in the ther mal en tropy gen er a -
tions by the ap prox i mate and the ex act pro files au to mat i cally gen er ates ad di tional phys i cal con -
straints de fin ing the op ti mal ex po nent of the par a bolic pro file at is sue. This is an im por tant re -
sult, since the con di tion ∆sx=0 = 0 in her ently con tains the con di tion to min i mize the dif fer ence
in the sur face tem per a tures with pre scribed flux and vice versa. The main is sue is that both ad di -
tional con straints come au to mat i cally through ap pli ca tion of a unique phys i cally based con di -
tion; to min i mize the dif fer ence in TEGs at the point where the pro files ex hibit their max ima. 
Re sults out line and ideas thereof
This point is com monly named “Con clu sions” but we will slightly ex tend its con tent
be yond a brief no ta tion of the prin ci ple re sults of the work and draw ing some ba sic prin ci ple and 
ideas com ing from this re search note.
The sim ple idea of EGM through the ap prox i mate pro file of HBIM was sim ply tested
with two clas si cal ex am ples with known ex act so lu tions. A ba sic con di tion de rived from this
gen eral prin ci ple is the re quire ment the lo cal en tropy gen er a tion rates cal cu lated through both
pro files to be the same at x = 0. This con di tion work very well and con firms re sults ob tained
through con straints [11] based on ad di tional phys i cal as sump tions.
Fur ther, the re quire ment ∆s = s(T, Tx)a – s(T, Tx)e = 0, x = 0 au to mat i cally gen er ates the
con di tion which is de fi cient in the set pro vided by the HBIM; in case of PF prob lem and qa (x = 0) =
= qe (x = 0) with PT prob lem. With this ad di tional con di tion the ex po nent of the par a bolic pro file
can be de fined def i nitely.
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Be yond, the re sults ob tained here a prin ci ple ques tion rises: Is it pos si ble to ap ply the 
method to more com plex prob lems? The task is to cre ate sim ple HBIM so lu tions which might
re place the huge ex act so lu tions and re place the time-con sum ing nu mer i cal pro ce dures thus
pro vid ing use ful sub-rou tine func tions of com plex com pu ta tional fluid dinamics codes. Cer -
tainly, the first re sults here are prom is ing and a suc cess ful step for ward is the con di tion ∆s(T,
Tx) = 0, x = 0 used in this work. The lat ter sim ply im plies that even though the vast an a lyt i cal
ex pres sions of the ex act so lu tions [24] the ap proach Ds(T, Tx) = 0, x = 0 needs only the val ues
of T(0, t) and Ts(0, t) which are al ways sim ple ex pres sions.
Fi nally, a more gen eral ques tion rises: Does the ap proach work with other pro files, es -
pe cially the so-called “hy brid pro files” [9, 25-27] where a spe cial func tion with a tun ing pa ram -
e ter is used as a term mul ti ply ing the ba sic HBIM pro file? To this end, we only re lease the idea
but so lu tions of spe cific prob lems are be yond the pres ent work. 
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No men cla ture
a –  coefficient in the prescribed temperature
–  profile, [K]
b –  coefficient in the prescribed temperature
–  profile, [K]
c –  coefficient in the prescribed temperature
–  profile, [m–1]
F(t) –  surface flux , [Wm–2]
g –  volumetric energy source, [Wm–3]
h0 –  slab thickness – see eq. (7) , [m]
l0 –  slab width – see eq. (7) , [m]
n –  exponent in the prescribed temperature
–  profile , [–] 
qa –  surface heat flux provided by the
–  approximate temperature profile, [Wm–2]
qe –  surface heat flux provided by the exact
–  temperature profile, [Wm–2]
Sgen –  entropy generation rate, [WK
–1]
′′′Sgen –  volumetric entropy generation rate,
–  [Wm–3K–1]
′′′Sgen –  dimensionless volumetric entropy
–  generation rate (see eq. 7), [–]
T –  temperature, [K]
Te –  temperature defined by the exact
–  solution, [K]
T4 –  temperature of the undisturbed medium, [K]
t –  time, [s]
V –  fluid velocity, [ms–1]
Wlost –  lost work, [W]
x –  co-ordinate, [m]
Greek let ters
a –  thermal diffusivity, [m2s–1]
l –  thermal conductivity, [Wm–1K]
Q –  dimensionless temperature 
–  [= (T – T4)/(Ts – T4)] [see eqs. (3b)
–  and (7)], [–]
d –  thermal layer depth, [m]
s(T, Ts) –  local entropy generation rate  
–  (see eq. (10)), [Wm–3K–1]
st(T, Tx) –  global entry generation rate, ,
–  [WK–1]
Ds –  difference in local entropy generation
–  rates (see eq. 16), [Wm–3K–1] 
Sub scripts
a –  approximate
e –  exact
p –  penetration 
exact –  exact solution
approximate –  approximate solution 
Spe cial sym bols
® –  it follows that
⇒ –  can be expresses as
Ab bre vi a tions 
EGM –  entropy generation minimization
HBI –  heat-balance integral 
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